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In this paper, we study the (3 + 1)-dimensional variable-coefficient nonlinear wave equation which is taken in soliton theory
and generated by utilizing the Hirota bilinear technique. We obtain some new exact analytical solutions, containing
interaction between a lump-two kink solitons, interaction between two lumps, and interaction between two lumps-soliton,
lump-periodic, and lump-three kink solutions for the generalized (3 + 1)-dimensional nonlinear wave equation in liquid
with gas bubbles by the Maple symbolic package. Making use of Hirota’s bilinear scheme, we obtain its general soliton
solutions in terms of bilinear form equation to the considered model which can be obtained by multidimensional binary
Bell polynomials. Furthermore, we analyze typical dynamics of the high-order soliton solutions to show the regularity of

solutions and also illustrate their behavior graphically.

1. Introduction

It is known that there are a variety of useful and powerful
tools to deal with the nonlocal equations, namely, the
improved tan (¢/2)-expansion method [1], the homotopy
perturbation method [2], Lie symmetry analysis [3], the
Bicklund transformation method [4], the sine-Gordon
expansion approach [5], the (G'/G, 1/G), modified (G'/G?),
and (1/G')—expansion methods [6], the multiple Exp-
function method [7-10], Hirota’s bilinear method including
the (2 + 1)-dimensional variable-coefficient Caudrey-Dodd-
Gibbon-Kotera-Sawada equation [11], the generalized unsta-
ble space time fractional nonlinear Schrodinger equation
[12], the inverse Cauchy problems [13], a generalized hyper-

elastic rod equation [14], the Kadomtsev-Petviashvili equa-
tion [15], the bKP equation [16], the generalized Burgers
equation [16], the inverse scattering transformation method
[17, 18], and the KP hierarchy reduction method [19].
Combining Hirota’s bilinear method with the KP reduction
hierarchy method, very recently, Rao et al. [20] discussed
the Kadomtsev-Petviashvili-based system and studied the
tusion of lumps and line solitons into line solitons, fission
of line solitons into lumps and line solitons, a mixture of
fission and fusion processes of lumps and line solitons, and
the inelastic collision of line rogue waves and line soliton.
An improved Hirota bilinear method for the nonlocal
complex MKdV equation was constructed in Ref. [21]. Sun
et al. [22] investigated a generalized three-component
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Hirota-Satsuma coupled KdV equation describing the inter-
actions of two long waves with different dispersion relations
by applying Hirota bilinear operator theory. By employing
the Hirota bilinear method, Ma [23] constructed the N-soli-
ton solution for three integrable equations in (2 + 1)-dimen-
sions including the (2 + 1)-dimensional KdV equation, the
Kadomtsev-Petviashvili equation, and the (2 + 1)-dimen-
sional Hirota-Satsuma-Ito equation and gave the asymptotic
analysis of N-soliton solution. Also, by using the bilinear Bell
polynomial approach, Cui [24] obtained some new exact
solutions for the new extended (2 + 1)-dimensional Boussi-
nesq equation which can be applied to describe the propaga-
tion of shallow water waves. And in Ref. [25], Cheng and
coauthors obtained the velocity resonance mechanism and
the two-, three-, and four-soliton molecules by utilizing the
Hirota bilinear method for the combined (2N + 1)th-order
Lax’s KdV equation. In [26], the new solitary wave solutions
for the (3 + 1)-dimensional extended Jimbo-Miwa equations
were investigated. Moreover, Ma obtained lump solutions to
a combined fourth-order nonlinear PDE in (2 + 1)-dimen-
sions [27] and interaction solutions to the Hirota-Satsuma-
Ito equation in (2 + 1)-dimensions [28].

Consider the (3 + 1)-dimensional variable-coefficient
nonlinear wave equation [29-31] which will be investi-
gated below:

(g + by (B)uth, + ()t + 5 ()1hy)  + Gy (B) 1ty + 5 (£) 14, =0,

(1)

where u=u(x,y,z,t) is an unknown function and ¢,(t)
(j=1,---,5) are all optional amounts. And u is the wave
amplitude, the variable coefficients ¢, (t), ¢, (t), ¢;(t), d,(1),
and ¢-(t) denote the bubble-liquid nonlinearity, the
bubble-liquid dispersion, the bubble-liquid viscosity, the y
-transverse-perturbation, and the z-transverse—perturbation,
respectively, and they are all real functions of ¢. Equation
(1) can be transformed to the following:

(i) The well-known constant-coefficient Kadomtsev-
Petviashvili equation with ¢, (£) = +6, ¢, (t) =1, ¢,(¢)
=3,¢5(t) = ¢5(t) =0 as

(up £ 6uu, +Uyy,), +3u,=0 (2)

XXX

(ii) The cylindrical KdV equation with ¢, (f) = 6, ¢,(¢)
=1, ¢5(t) = 1721, ¢,(t) = ¢5(t) =0 as

U, £ 6Ul, + Uy, + z—tux:O (3)

For equation (1), some solutions including the multisoli-
ton, Bicklund transformation, infinite conservation laws,
lump solutions, and other soliton wave solutions have been
investigated in Refs. [29, 30]. Also, Guo and Chen [31]
studied equation (1) and obtained the multisoliton solutions
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and periodic solutions including X-periodic, Y-periodic, and
2-periodic wave solutions. The solitons, periodic, and travel-
ling waves of a generalized (3 + 1)-dimensional variable-
coefficient nonlinear wave equation in liquid with gas
bubbles were caught by Deng and Gao [29]. In [32], the
first-order lump wave solution and second-order lump wave
solution according to the corresponding two-soliton
solution and four-soliton solution were presented. The mul-
tisoliton solutions and periodic solutions for the (3 +1
)-dimensional variable-coefficient nonlinear wave equation
in liquid with gas bubbles were reported by Guo and Chen
[31]. Two different types of bright solutions for the general-
ized (3 +1)-dimensional nonlinear wave equation by the
traveling wave method were obtained by Guo and Chen
[33]. The special N wave solutions by applying the linear
superposition principle, the resonant multiple wave solu-
tions, and complexiton solutions were investigated for the
generalized (3 + 1)-dimensional nonlinear wave in liquid
with gas bubbles in [34]. Ma and coauthors probed and
analyzed N-soliton solutions and the Hirota conditions in
(1 + 1)-dimensions [13] and (1 + 2)-dimensions [35].

During the last years, the various analytical methods were
developed to find the exact solutions by powerful scholars for
interesting fields of research because of their wide number of
applications in the engineering and manufacturing fields,
nonlinear models, for example, nonlinear Schrodinger equa-
tion [36], the conformable nonlinear differential equation
governing wave-propagation in low-pass electrical transmis-
sion lines [37], the (2+ 1)-dimensional coupled variant
Boussinesq equations [38], the nonlinear directional couplers
with metamaterials by including spatial-temporal fractional
beta derivative evolution [39], a new (3 + 1)-dimensional
Hirota bilinear equation [40], oblique resonant nonlinear
waves with dual-power law nonlinearity [41], the coupled
Schrédinger-Boussinesq system with the beta derivative
[42], and the Hirota-Maccari system [43].

The major aim of this paper is to obtain some novel
exact analytical solutions, including interaction between a
lump-two kink solitons, interaction between two lumps,
and interaction between two lumps-soliton, lump-periodic,
and lump-three kink solutions for the (3 + 1)-dimensional
variable-coefficient (VC) nonlinear wave equation in liquid
with gas bubbles through the method of the bilinear analysis.

The rest of this article is organized as follows. In Section
2, explanations of multidimensional binary Bell polynomials
are given. Also, in Section 3, the bilinear form equation to
the (3 + 1)-dimensional VC nonlinear wave equation is con-
structed. In Section 4, we obtain the interaction between a
lump-two kink solitons, interaction between two lumps,
and interaction between two lumps-soliton, lump-periodic,
and lump-three kink solutions along with depicting 3D,
density, and 2D graphs for the VC nonlinear wave equation.
The conclusion is given in Section 5.

2. Multidimensional Binary Bell Polynomials

Based on Ref. [16, 44, 45], consider & =£&(xy,x,, -, x,) a
C™ function with multivariables; the polynomials of the
following form
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Y”1x1""’”'x'(5) = Y”v""”f (551"1 Sj J) - e_Eanl o ax;eg (4)
are called the multidimensional Bell polynomials:

s,
Eoppyns, = 0% 06 o =E 5 =0, my 555,20, m

(5)
and we have
V() =8, Y, (8) =8 + E;Za V3(8) =85 + 38,8, + Ei’ s E=8(x 1),

Yx,t (E) = Ex,t + Exgt’ YZx,t(E) = Elx,t + EZxEt + ZEx,tEx + Eigt’ .
(6)

The multidimensional binary Bell polynomials can be
written as

spsy+eo+sds odd,

(7)

We have the following conditions as

Zx(‘x) = Oy ZZX(“’ ﬁ) = ﬁ2x + OCJZC’ 2x,t(oc’ ﬁ) =

ﬂx,t Ty .

(®)

Proposition 1. Suppose a =1n (©/A), f=1n (BA), then the
relations between binary Bell polynomials and Hirota D
-operator can be written as below:

2n1x1,~~~,n.x.(“ )

) = (®A) D" .- DYOA,
7% P a=In (@/4),p=In (@A) (©4)7Dy) %

©)

with Hirota operator

j J p) o\ "

1
X=X X=X

Proposition 2. Take Z(y) =Y, Giﬁislxl,,,,’ijj =0 and a=1n

(®/4), B=In (BA), we have

2811 nx;

(11)
2811 $;X;y

which need to satisfy

TR(Y',Y) = W(V') ~R(y)=

o Sitsyteets;iseven.

The generalized Bell polynomials Yn,x,,-“,njxj(f) are as

@A) D" ... DyeA=3 @,
( ) X Xj nlxl,m,njx,( B) a=ln (©/4),8-In (©4)
=X o, o+
o v) a=ln (@/4),y=In (©4)
n

The Cole-Hopf transformation will be as

q)nlxl,»--,n.x
Y, (@ =10 (@) = T”’

(@)D} - D; @A’
A=exp (y/2),01A=¢

. ny 1 j ny
=9 z mklxl,---,kdxd(Y)(P(nl—kl)xl,u
P

S(ra—ka)xg’

with
Yi(a)= %’
(PZx
Yoo B) = yo + 9 (15)
VZx(Py Zyx,y(Px (p2x,y
Yoo, (o + =
2y B) = 0 p 0

3. Bilinear Form Equation to the (3 + 1)D VC
Nonlinear Wave Equation

To find the linearizing representation, we consider the below:

u= CYxx + uO’
y=y(*x)21) (16)
c=c(t).

Inserting equation (16) into equation (1), one obtains
d 0
R() = (5e0) gyren =

elt) g V350 + B0 (50
#0653 1) oy (52 )
FB0l0) V(6320 1) + By()e(0) 33 V0 305 )

G 30535+ (0)l0) 55053 50) =0
(17)

with



c=12. (18)
The new equation R(y) is as

R(y) =P.: +6,(0) (’D4X + 3‘32) +¢5(1) Py + ¢4(t)sn2y +¢5(1)B,, =0.

(19)
Applying a change of dependent variable
y=In(g9) =u=121n(g),,. (20)
Theorem 3. With the following relations
y=ln(g) = u=12In(g),, 1)

into equation (1), the (3+ 1)D VC nonlinear wave equation
can be linearized as the following bilinear equation:

R(9) = (994 = 9:91) + $2(t) (994 = 49,93, + 392,) + $5(t) (99, — 92)
(22)

$,(t)(99,,— 9;) +¢5 (1)(99.. — 97) = 1/2(D,D; + §,(t)
D} +¢5(t)D; + ¢,(t)D; + ¢5(t)D7) g - g = 0, where g=g(x,
¥z, t) and y=y(x,y,2,t).

4. Lump, Lump-Kink, and Other
Wave Solutions

u
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between two lumps, and interaction between two lumps-sol-
iton, lump-periodic, and lump-three kink solutions.

4.1. Interaction between a Lump-Two Kink Soliton Solutions.
In this section, we would like to present the general solutions
of the (3 + 1)-dimensional variable-coefficient nonlinear
wave equation through utilizing the bilinear method as the
below frame:

g=T+15+exp (1;) +exp (1) +exp (13 +74) + &s(t), 7

=X+ jy+éjz+sj(t),j
=1,2,3,¢>0.
(23)

The values «;, 8;, 0;, €;(t) (i = 1, 2, 3) are real constants to
be computed. By substituting (23) into (22), we obtain a
system containing 42 nonlinear equations. By solving the
nonlinear system, the determined coefficients will be got as
the below cases.

Type I

& (t) = &(1) = &4(t) = &5(t) = 0, &, ()
_ J B @29, (1) +ﬁ22¢3(t)

%)

dt,ay=ay=0,=0,0, =a,,

/31:ﬁ3:ﬁ4:0’ﬁ2:ﬁ2’51:61’62:82’83:53’64:54-

(24)
We would like to derive the general soliton solutions contain-
ing interaction between lump-two kink solitons, interaction The solutions are given as follows:
B 24a;
=
8,722 + (apx + By + 8,2+ [ — a2, (1) + ﬁ22¢>3(t)/(xzdt)2 + €57 + 47 + 0371042
(25)

48 (ax + By + 8,2+ [ — a2, (1) + ﬁ22¢3(t)/a2dt)2a22

.
(51222 + (o + Boy + rz+ [ — %, (1) + ,822¢3(t)/0c2dt)2 + 037 + €047 + e532+54z>

If  ti+7+exp(1;) +exp (7,) +exp (13 +74) +&5(1)
— 00, the lump solutions u — 0 at any t. By selecting
the parameters §,=1,8,=2,8;=15,8,=3,a,=1,0,=3,
¢,(t) =cos (t), p;(t) =sin (t),x=1,y=1, then plots of
equation (25) are plotted in Figure 1. And also, by select-
ing the parameters §,=1,6,=2,0;=1.5,8,=3,a,=1,f,
=3,¢,(t) =1/4 cos (2t), p;(t) = 1/4sin (1 +2t),x=1,y =1,
then plots of equation (25) are plotted in Figure 2.

Type II

sl(t) _ J ) 81%(0(5212? - 18281) dt, sz(t)
_ J B R ORY R O Ry SO P,
ﬁlZaZ o ’ ’

&(t) = J _2 /3351‘/54(t)ﬁ(ﬁ2;52 - By%) dt,

=az=a;=0,0, =0, =B, B, =P B3 = B3 B, =0,

0,=0,,0,=0,,0;= @)84
1

~0.4,0=0.4,( =220

(26)

The solutions are given as follows:
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FIGURE 1: Plots of interaction lump with two solitons (25).

=3 ©
—z=-2
——z=0

FIGURE 2: Plots of interaction lump with two solitons (25).

2403

u2=

le + TZZ +2 eﬁ3y+ﬁ3612/ﬂl+f =2 B38,64(£)(B18,-B,,)1By ety dlt
48 7,% 0y
(le vrp 42 B0 | —2/%;81¢4(r)(ﬂlsz—/sﬁl)/ﬁfazdr) ’

(27)
= fysen | 2 SBOBSBO,,
=ax+ Byt 622+J _ a’ B2y (t) + ﬁ1262j¢4(t) - B8, %, (1) dt.
By e,
(28)

If  T2+15+exp () +exp (1) +exp (15 +1,) +&(F)
— 00, the lump solutions u — 0 at any ¢. By selecting
the parameters §,=1,0,=2,a,=1,,=2,03,=3,3,=4,
¢,(t)=cos (), ¢,(t) =sin (t),x=1,y=1, then plots of
equation (27) are plotted in Figure 3.

Type 111

£ (t) — JZ 61¢4(t)(522§: B ﬁ462) dt, 82(1')
_ J _ 0y’ B, 6, () = B,70.7 9, (1) + B, 76,7, (1)

2
By

dt,e5(t) =0,

83(1') _ J 2 63¢4(t) (5222;1 B ﬁ482) dt, 84(1’)
_ JZ 0404(1)(By04 — B49,)
@B,

dt,ay=o;=a,=0,0, =y,

9 9
By = ﬁg 1,/32=ﬁ2,ﬁ3= g—[;‘l’ﬁz;
4 4
=B4,0,=0,,0,=0,,0,=05,9, (29)

8,°¢4(1)
By

=0, 41()=0, 4,(1)=-
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—SWM—? —4 4] 6] 8m
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(@) ®) =2 (©)
——z=-1
FIGURE 3: Plots of interaction lump with two solitons (27).
The solutions are given as follows: By selecting the parameters §, =1,8,=2,0,=3,8,=4,
) L, a=1,B,=3, ;=4 ¢,(t) = cos (1), ,(t) =sin (£), x =1,y
" o, 3 P =1, then plots of equation (30) are plotted in Figure 4.
3 7,2+71,2+F, +F,+F, (112+122+F1+F2+F3)2, Type 1V
(30)
&(t)9,
_ g (t)=———=,&(t
- /3?1)’ +515+J ) 61¢4(t)(5254 B4S,) dt, 7, 1(8) 8, (1)
4 2P4 4 2 2
2p2 p2s2 252 _ a3 ¢y (1) + a3” ¢, (1) + B3 5 (1)
eyt | - SO BB B0, - | - ; dt (1)
4 %2
&(1)(01&,(t) — 8,6, (t
(31) =0,85(t)=—2 2( )( 1 2(8) 2 1( ))’
1
F. = HBoOi8z+ [ 28:6,(1)(B.0,-Bd:) ey dt
! 2 (32)
= eﬁ4y+54z+264t¢4(t)(,B254—,B452)/0t2,B4, Q=0 =0y = 0, 03 = A3, ﬁl = ﬁz = ﬁ4 =0, ﬁS (34)
=50, =081,0,=0,,0,=05,0,=0,¢,(t) =0.
Fy= 853ﬁ4y/54+532+f 2856, (t)(B,04=B10,) o, By dt+P,y+0,2+2 84"454(’)(:3254‘13482)/“21;4.
(33) The solutions are given as follows:
12a,°F, + 12 a;*F, (35)
Uy = ,
L (812 - &5(1)8,/8, ) + (8,2 + &5(1))2 + Fy + € + Fy — 28,(1)(8,8,(t) — 8,8, (1)1,
12 (a3 F, + (x3F2)2 (36)
((812 —&,(£)0,/8,)% + (8,2 +&,(t))* + Fy + €% + F, — 2&,(£)(8,&,(t) - 6281(1‘))/81)2
Fl — e‘xsx"'ﬁs}’""saz"'j —a3' ¢y ()t (1) 8575 (1) sy dt’ FZ — e"‘sx‘*ﬁs}""aaz*'f —a5t ¢y (D)o, (1) 537 65 (1) ot dt+64z. (37)

By selecting the parameters 6, =1,8,=2,0,=3,8,=4,
a,=1,B,=3, ;=4 ¢,(t) =cos (1), §,(t) =sin (1), x=1,y
=1, then plots of equation (35) are plotted in Figure 5.

Type V

s1<t)=—@,s3<t>

- j — ay (@24 (1) + 6 (6)) dt £4(£) = 0, 5(1)
_ J _2 (dldte,(t))(0,8,(t) = 0,€,(t)) dt,

9,
a=ay=a,=0,0;=0a3,B, =p,=5,=0,p,
=3, 01 =01,0,=08,,8,=05,8, =0, ¢5(t) = ¢,(t) =0.
(38)
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() (b) —z=3 ©
—z=-2
—z=-1

FIGURE 4: Plots of interaction lump with two solitons (30).

-15 -10 -5 0 5 10 15

= ©
—z=0
—z=1

FIGURE 5: Plots of interaction lump with two solitons (35).

The solutions are given as follows: The solutions are given as follows:

o o’
Us = 12@ In (F;), Us = 12@ In (F),Fs = (B + sz(l‘))2 + eXtPayH0szHe (1)
Biyreq(t A3 X+ y+85z+e; (1) +P,y+e,(t
E, = (0,2-+8,(1) + (8,2 + &5 (1)) + ee+Brrdszrss(t + efall) g B (),
+ 6,347*'54“84(‘) + eoc3x+,33y+53z+£3(t)+/34y+54z+s4(t) + 85(1'). (41)
CON.
ype VII
Type VI
&(t) = J — a3 (“32¢1(t) + ¢2(t)) dt, & (t) = &(1)
2
83(t> _ J_ (X34¢1(t) + (x32f2(t) + 63 ¢3(t) dr, 82(1‘) = 54(t) = gs(t) =0, A =0, =0, = 0, a3 = as,
3
=¢g,4(t)=0,&5(t) = —(sl(t))z, B, =0,B,=BB5=P5 By =P 6, =6,,6, (@2)
=08,,05=05,08,=0,¢;5(t) =¢,(t) =0.
o =a=0,=0,03=0as,3,=0,5,=p,,p, (40)

= B3 By =Py 0, =0,=0,=0,85=03¢5(t) = 0. The solutions are given as follows:



aZ
u; = IZW In (E,),
E =220+ (Boy + 8,2)% + ea3x+ﬁ3y+63z+j s (o2, (1) +4,(1) )t
+ Pz etx3x+ﬁ3y+63z+j —oc3(oc32¢l(t)+¢2(t))dt+ﬁ4y+84z'

(43)
Type VIII

&)(t) = J 2B 2P gy o)
- w80 1) a5 B (1) B0 - BIO) 4,
By e
eu(t) = J _ (e = Pi0:)0u8y(0) §262)54¢4(t) dt,est)
=—g(t) oy =a,=a,=0,05 =03,

[
ﬁlzo’ﬂzzﬁZ’ﬁ3:ﬁ3’ﬁ4: ﬁg—;>81=61)62

82,0
B’

(44)

=0,,03=05,0,=0, ¢3(t) =

The solutions are given as follows:
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Fy = (6,(£))7 + (Boy + 0,2 +&5(1))? + e Pt
+ eﬁ264y/52+64z+s4(t) + ea3x+ﬁ3y+632+s3(t)+ﬁ264y/62+64z+s4(t) +£5(l’).

(45)

Type IX

82(t)ﬁz’€3(t) _ J —a; (a2, (1) + (1)) dt, ()

B
=0,¢5(t) = J _ (d/dtsz(t))(ﬁlgz(f) - B,&(1)) i,
061=062=064=0,(X3=(x3):81=ﬁ1’/32:ﬁ2’ﬁ3=ﬁ3)ﬁ4=ﬁ4,

)
8,=8,,8,= P00 5. 25,5, =6, ¢s(t) = () 0. (46)

1

g (t)=-

The solutions are given as follows:

aZ
Uy = 12@ In (), Fy = (By+8,z+ sl(t))z
2
+ (ﬁzy"' /32/?12 +£2(t)) +ea3x+[33y+63z+sg(t) +eﬁ4y+84z+s4(t)
1
+ ezx3x+/33y+63z+s3(t)+ﬁ4y+84z+s4(t) +85(t).

a (47)
Ug = IZﬁ In (Fy),
~ Type X
g(t)=| - 2[;138163‘/’4“) - 2ﬁ12ﬁ3812¢4(t) + 2ﬁ1ﬁ228183¢4(t) - 2ﬁ22ﬁ3812¢4(t) + (d/dtsz(t))“3/312ﬁz dt
1 J 0‘3ﬁ13 ’
e(t)= | - a3* B2y (1) + B¢y (1) + /3;12632¢4(t) - B5°8.%9,(1) dt e, (1) = J 2 (B165 = B361)049,(t) dt,
asf, sy
()= | -2 (82(t)ﬁ14“3+f S+ (d/dtsz(t))“3ﬁ12ﬁz dtﬁz) (82 + (d/dtsz(t))“sﬂlz) dt (48)
’ “32[;16 ,

S = 261‘/’4(t) (ﬁlz + ﬁzz)(ﬁﬂss - ﬁ381)’ S, = 2ﬁ261¢4(t)(ﬁ183 - ﬁ361)>

) ) t
y=a=0,=0,p,= %’51 =0,,0,= h>‘S3=53)64=64)‘I"3(f)=‘ o )
1

1

The solutions are given as follows:

2

0
Uy = 12@ In (Fyg), Fig = (Byy + 6,2+ al(t))z

2
+ <B2y+ :32612 +82(t)) +erx3x+ﬁ3y+63z+s3(t)
By
+ eﬁ154}’/51+542+54(t) + ea3x+,83y+63z+53(t)+ﬁ,64y/81+84z+e4(t) + SS(t)'

(49)

By selecting the parameters §, =1,8;=3,8,=4,a; =1,

8,%¢

B’

Bi=4 B, =2 By =3¢, (t) = sin (21), ¢,(t) = cos (21).¢,(1)
= cos (3t), &(t) =exp (t),x =1,y =1, then plots of equation
(49) are plotted in Figure 6. And also, by choosing the
parameters 8, =1,0,=3,0,=4,0;=1,58,=4,3,=2,,=

3, (1) = exp (1) sin (1), §,(t) = exp (¢) cos (21), ¢,(t) = exp

(t) cos (3t),&,(t) =exp (2t),x=1,y=1, then plots of
equation (49) are plotted in Figure 7. Moreover, by choosing
the parameters 6, =1,8;=3,8,=4,0;=1,3,=4,3,=2, 3,
=3,¢,(t) = /1 +sin (t), ¢,(t) = cos (t)/(2+sin (1)), ¢,(t)
=cos (t),&,(t) =sin?(t) + tan (t),x=1,y = 1, then plots of
equation (49) are plotted in Figure 8.
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FIGURE 6: Plots of interaction lump with two solitons (49).
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FiGURE 7: Plots of interaction lump with two solitons (49).
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FiGURk 8: Plots of interaction lump with two solitons (49).
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4.2. Interaction between Two Lump Solutions. Here, we offer
interaction between two lump solutions containing combi-
nation of two functions for the (3 + 1)-dimensional
variable-coefficient nonlinear wave equation through utiliz-
ing the bilinear method as the below frame:

g=Ti+TE+ T +g(t), Ti=apx+ By + 8z +e(t),j=1,2,3,£(t)>0.
(50)

The values a;, 8, ;, €;(t) (i = 1, 2, 3) are real constants to be
computed. By appending (50) into (22), we receive to a system
containing 42 nonlinear equations. To solve the nonlinear sys-
tem, the determined coefficients will be got as the below cases.

Type I

(1) = v/ Cy —&4(1), (1)
_ J 5 PoPsts(t) +0,85¢4(1)
83(t) — J _ 0‘32¢2(t) - ¢3(t)ﬁ22 + ﬁ32¢3(t) — 522¢4(t) + 832¢4(t) dt

3

dt+Cya=a,=0,a; = a5,

+C5,B,=0,8,=p,

{/—(—C1a23+f F(t)dt)a,

%)

&(t)=

F(t) =2 (sbz(t)am + 3B + §y(1)asd, + (

(02 + @) (3,294() + $5(1)B,” + ,(1);?) + (dldtes (1)),

0 =Py =0,=¢,(t)=0,6;= o 2,

Journal of Function Spaces

Bs= P50, =0,¢,(t) = _% (714 - r4) (622¢4£t) ! ¢3(t)ﬁ22) : (51)

3

The solutions are given as follows:

U = 1268_; In (F)),F, = (sl(t))4 + (B +0,z+ Sz(t))z

+ (asx + By + 832+ 83(1’))2 +&4(1).
(52)

If 77 + 75 + 15 + &,(t) — 00, the lump solutions u — 0
at any t. By selecting the parameters §, =2,8;=3,a; =3, 3,
=2, =1,¢,(t) =t,¢5(t) =17, ¢,(t) =1+ t,x=1,z=1,
then plots of equation (52) are plotted in Figure 9. And also, by
selecting the parameters §,=2,0;=3,a;=3,3,=2,3;,=1,
&,(t) =cos (t), ¢,(t) =sin (t), ¢,(t) =cos (2t),x =1,z=1,
then plots of equation (52) are plotted in Figure 10. Moreover,
by selecting the parameters §, =2,8; =3,a;=3,,=2, 3, =
1, ¢,(t) = t* sin (2t), ¢5(t) =t sin (3¢), ¢,(t) =t cos (3t), x =
1, z =1, then plots of equation (52) are plotted in Figure 11.

Type 11

o6

2

d

dts3(t)> “22) (&5(H)ay — & (t)as) + (6#84“)) ),

44
2 2 dt+C,. (53)

&= -

The solutions are given as follows:

U, = 128_2 In (B),E, = (g,(t))* + (ax + By + 8,2 + & (1))*

0x2
2
+ (zx3x+ 063—[32)/ + 063;822 +s3(t)> +e,(t).
%) %)
(54)
Type 111

£, (t) = J ) ‘/54(051(531‘213 —B591) dt, &,(t)
_ J B s’ B, 6, () + B8, (1) = B5°8,° ¢, (1) dt,

2
asB,

ey(t) = _(sz(t))z +Cha =0, =f,

=8,=¢,(t)=0,¢,(t) =_512/3¢42(l‘). (55)

The solutions are given as follows:

0? 4 2
Uz = 12@ In(F), B =(By+0,z2+¢(1))" + (&(1))

+ (03x + Byy + 832 + 83(t))2 +e,(t).
(56)

4.3. Interaction between Two Lumps-Soliton Solutions. Here,
we offer interaction between two lumps-soliton solutions con-
taining combination of two functions for the (3 + 1)-dimen-
sional variable-coefficient nonlinear wave equation through
utilizing the bilinear method as the below frame:

g=Ti+1;+71; +exp (1,) +&5(t), 7

=ax+ jy+8]-z+£j(t),j (57)

=1,2,3,4,,(t) > 0.

The values «;, 8,6, &;(t)(i=1,2,3,4) are real constants
to be computed. By putting (57) into (22), we receive a
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FiGUure 9: Plots of interaction with two lumps (52).
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FiGgure 10: Plots of interaction with two lumps (52).
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FIGURE 11: Plots of interaction with two lumps (52).
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system containing 119 nonlinear equations. To solve the
nonlinear system, the determined coeflicients will be got
as the below cases.

Type I
oo VEOTAEDE |,
2 ﬁJ e,(6)s(t) dt

24, J &5 (1)y(1) dia,’ — 20,8, J 3 (6)¢s (1)t

12(0) =205 [ o (0ea (0 da? + 205 [ () (0 e

- (e()a,’ —es(a,’ + Cray,
& (t) = J _ (“22 + 0‘32) (¢2(t)<x22 + ¢;(§)1322) + (d/dtSS(t))“zz% dat
2
+C,,84(t) =0,
o a6
ay=ay=P=p,=8 =¢; (1) =¢,(t) =0, 3; = ;—[32)83 = %-
2 2
(58)
The solutions are given as follows:
o 4 2
u = 12@ In (F), F = (&,(1))" + (apx + Boy + 8,2 + (1))
2
+ (oc3x+ 3ﬁ2)/ 40,2 +s3(t)> + el g (1),
) ®

(59)

If 7} + 75 + 73 + exp (1) + &(t) — oo, the lump solu-
tions u — 0 at any f. By selecting the parameters §, =1,
8,=2,0,=1,05=2, 8, =3, §,(t) = cos (1), ¢5(t) = sin (1),

& (t) =cos (2t),&;(t) =sin (2t),x=1,y=1, then plots of
equation (59) are plotted in Figure 12. And also, by selecting
the parameters 6,=1,8,=2,a0,=1,a;=2,83,=3,¢,(f) =
cos (1 +1),¢5(t) =sin (1+1),&,(t) =cos (1 +3t), &(t) =sin

(1+3t),x=1,y=1, then plots of equation (52) are plotted
in Figure 13.

Type 11
& (f) = VA + A1) + Ay (‘))"‘420‘23’

Ay(t)=2 “32ﬁ42 [ &(1)¢;5(t) dt - 25 [ &(1)¢, (1) diaa,
~20 | (0,0 dra

At =2 j Ba(t)e (1) dra? + 20,76, [ pu(t)e(t) dt
—zaa&fj 0u(t)es (1) dta,

d
As(t) =205 J (1) Ess(t) dta’ = (&5(t)) 0, — e5(t)ar, "oy + Cy 0ty

e(t) = J _ (o + 0‘32) (o, (1) + ﬁ42¢30(:2a+ 542¢4(t)) + (drdtes (1)) ozt dt,

Journal of Function Spaces

ey(t) = J _ a9, (1) + ﬁ4zo‘fj(t) +642¢4<t) dt
d, d,
=B =0 =0u(0) =0, = 2 g, - B g, S0 5 B0 (0)
The solutions are given as follows:
2
=122 In (), (61)
2
B = (a0 (e B0 4 BOE )
&y oy
g 62
+ (oc3x+ 3ﬁ4y _oc3 £ +s3(t)) (62)
&y &y

+ evc4x+/34y+84z+s4(t) + 85(t).

By selecting the parameters 0, =2, o, =1, 03, =2, a, =4,
By =3.6,(t) = c0s (1), 45 (1) =sin (1), ¢y(£) =sin (20), ey(1
= cos (2t), &(t) = sin (2¢), &,(t) =sin (3t),C, =1,C, =2, x
=1,y = 1, then plots of equation (61) are plotted in Figure 14.
And also, by selecting the parameters §,=2,a,=1,a, =
2,0,=4,,=3,¢,(t ) = cos (1), ¢(t) =sin (¢), ¢,(t) =sin (2
t),&,(t) =t &(t) =t g,(t) =£2,C, =1,C, =2,x =1,y =1,
then plots of equation (54) are plotted in Figure 15.

4.4. Lump-Periodic Solutions. In this section, we would like
to present the general solutions of the including combina-
tion of two functions for the (3 + 1)-dimensional variable-
coefficient nonlinear wave equation through utilizing the
bilinear method as the below frame:

g=T1 + 15+ 08 (T3) +&4(t), T;
=ap+ fiy+0;z+¢(t), ] (63)
=1,2,3,(t) > 0.

The values a;, B, 8;, €;(t)(i =1, 2, 3) are real constants to
be computed. By substituting (63) into (22), we obtain a sys-
tem containing 24 nonlinear equations. To solve the nonlin-
ear system, the determined coefficients will be got as the
below cases.

Type I

g (t)=- - %J M + a0, () dt + Cy, (1)

a2+ (e(1))’)

(e +a2) ((J 4a(t) dt)®

2

&,
_ 25’32(t)2()c2 (J 210 (0612 + 0(22) dte, — C1051>

B)
f ¢, (1)Craq 0,2 dt

51

¢5(t)=0,B, = “‘zx_fg1)52 =

+C,, 04

a0,

1

=¢,(t) =
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FIGURE 12: Plots of interaction with two lumps-soliton (59).
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FIGURE 14: Plots of interaction with two lumps-soliton (61).
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FiGure 15: Plots of interaction with two lumps-soliton (61).
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FIGURE 16: Plots of lump-periodic (65).

The solutions are given as follows:

2
u =122 0 (B, = (ayx+ Buy + 8,2+ &, (1))’

ox?
o a,0,2 2
+ <a2x+ Py, @02 +52(t)> (65)
a o
+cos (Byy + 03z +&5(1)) + &4(t).
From above, we can discover that g is positive if &,(¢)
> 0, then in all space directions, u will be localized. There-
fore, if 2 + 13 + cos (73) — 00, the lump solutions u — 0
at any t. By selecting the parameters §,=1,8; =3, a0, =2,
a =4 B =2, =3,¢,(t) =-2,6(t) =3,C, =1,C, =2,x

=1,y=1, then plots of equation (65) are plotted in
Figure 16.

Type 11

e(t) = J‘ B (@® + %) (2%, + 812¢4) + (didte, (1)), *a, i+ Cyes(t) =0
1 PE & s

ey(t) = J 2 (&1 (t)ory — &5(t)ary) (¢2(t)¢x12a2 + ¢4(t)“2512 + (d/dtgz(t))"‘lz)

o dt+C,,

%

=8, =0,(0) = 0,(1) =0, 6, = 1.0, - 220,
(66)

The solutions are given as follows:

u, = IZW In (F),E, = (a,x+ By + 8,z +¢,(t))
2
+ <a2x+ —“Zﬁly + —%812 + sz(t)) (67)
o o

+cos (Byy +&5(t)) +&4(t).
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Type III By selecting the parameters §, =1,6,=2,8;=3,a, =4,
o0 ﬁ;l=2,1/32=?,¢2<t>=si(n<;>,¢4<1>—c§s<> —Ly=1,
_ 194(2 2 1 then plots of equation (69) are plotted in Figure 17.
& (t) = J -2 1 (XZlﬁl 21 dt, &, (1) Type IV
0B (1) + B28, 94 (1) = B0, 794 (1) dt
=| - , _ (1)
J 0‘2/312 & (t)=—tan (zxzj 6t )dt+C >£1,s4(t)
850, (1)(B,6, — 3,6 [ () + (22(6))) (capy ()e5(1) = (dldtey (1) ey (1))
83(1’) — ) 3¢4( )(leﬂf ﬁZ 1) dt, 84(1’) = JZ (sl(t))z dt + C,,
52 t e _ a:_ez(t)“za: R —
=0, ﬁ3 ﬁl ():_ 1 ¢4;( ), 3(t) 0, gl(t) > A3 181 ﬁz 6,=6 (70)
A 87,1
a,p s :¢1(t):0’¢’3(t):*?~
a =ay=¢,()=0,5,= ;11’622;—11- (68) ’
The solutions are given as follows:
The solutions are given as follows:
0’ t 2
72 ) Uy = 12@ In (E,),F, = <— 828( z;x)zx + sl(t))
3_128 In (F;), F; = (By+ 0,z +¢,(1)) ( ()? B ! 5 ) 0
+ (a,x+¢ + cos +0852+¢€ +&4(1).
+(ax + Boy + 8,2+ & (1)) (69) o FEOETE ! (71)
+cos <ﬁ163y +8;z+ 33(t)> +e4(t).
9, Type V
1 28,%¢, (1) — B28, 7, (¢ 5
82<t> — _tan ((xzaSZJ ®;"03 ¢2( Zl(t/)33 2 ¢3( )dt> 61(t),£3(t) — J ﬁf} 620(623( )
() = J , ((&(0) + (&(0))°) (¢a()ealt )“2 85” = ¢5(t)e(1)B5°0,° (d/dfsl(t))“z53281(f))dt
4 - >
85 (e4(t))*
2 _p _ _ m5(t) o 232( ) _ _532‘/’3(0
as=P =, =¢,(t)=0,0; = & (1) ,0p=— 81() ¢,(t) = 832 : (72)

The solutions are given as follows:

’ 26(1)X 0,8 ? 2
Us = 12% In (F;), F; = <—a:l ((tt)) - :I(Ef))z +£1(t)> +(0,x + 8,2+ & (1)) +cos (Byy+ 03z +&5(1)) +&,(t).  (73)

Type VI

&3(t) =0, (1) = _(Sl(t))z - (fz(t))z’ 0 8,6,(1) B2 0
ay =P =By =¢:(t) = 5(t) =0, 0, = - ;Et) 0 =- ;zt) Ly (t)=-22 .
(-0, () ((&2(1)” + (a(1))) + (dldte, (1))&, (e
((ea(1)* + (22(1))) 8,

(1) = (t) = (didtey (1)) (&,(1))*) .

(74)
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FiGure 17: Plots of lump-periodic (69).

The solutions are given as follows:

0’ 0e(H)x 8,8 (t)z
Ug = 12@ In (F,), F; = <_W - (0

+ (@ + 8,2 +&,(1))” +cos (Byy) — (& ())” - (&,(1))*.

(75)
Type VII
()= J RAGICS +a221+ (drdtey(t))a, dt+Cyyes(t) =0,
- | -2 SOl —eaO) 0 e —6a ),
5y =B =Fa= By = ()= 4,1 =0.8, = L. (76)

a

The solutions are given as follows:

2

0
U, = 12@ In (E),E = (a;x+ 68,z +¢(t))

a0,z
+ opx+
o

1

+ ez(t)> 2 +c0s (032 +&5(1)) +&4(1).
(77)

By selecting the parameters §, =2,«a;, =1,a, =2, 3, =1,
$o(t) =t ¢y(1) = 2,6, (1) =1, & (1) = 1 + L, &5(t) =%, x =L,y
=1, then plots of equation (77) are plotted in Figure 18. And
also, by selecting the parameters §, =2,a; =1,a,=2,f3,
=1,¢,(t) = sin (£), ¢,(t) =cos (1), & (t) =1,&(t) =sin ()
,&(t) =cos (t),x=1,y=1, then plots of equation (77) are
plotted in Figure 19. Moreover, by selecting the parame-
ters 8, =2,a;=1,0,=2,B,=1,¢,(t) =1,¢,(t) =2,¢,(t) =
t,e,(t)=t,&5(t) =t x=1,y=1, then plots of equation
(77) are plotted in Figure 20. And finally, by selecting the

parameters §; =2, a0, = 1,0, =2, B, =1, ¢, (t) = exp (), ¢, (1)
=exp (2t), & (t) =sinh (t), &,(t) = cosh (t), &5(t) =t*, x =1,
y = 1, then plots of equation (77) are plotted in Figure 21.

4.5. Lump-Three Kink Solutions. Here, we present lump-
periodic solutions containing combination of two functions
for the (3 + 1)-dimensional variable-coefficient nonlinear
wave equation through utilizing the bilinear method as the
below frame:

g= T% + T% +exp (13) +exp (14) +exp (75) + &(1), Tj

=ax+fy+0;z+¢(t),j=1,2,3,4,5 () > 0.
(78)

The values a;, 3,8, €;(t)(i=1,---,5) are real constants
to be computed. By appending (78) into (22), we receive a
system containing 43 nonlinear equations. To solve the non-
linear system, the determined coefficients will be got as the
below cases.

Type I

- [ -2 BB B8)
J B 1,285’ (1) + B,°05° b5 (1) = B8, ¢5(1) dt,

2
05",

83(t) — J ) ﬁ583¢3<t23(€fx$5 B ﬁ582) dt, 84(1’)
_ J _p PBs0u$s()(By0s = Bsds)

2
85",
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(a) (b)

FiGure 18: Plots of lump-periodic (77).

(b)

FIGURE 19: Plots of lump-periodic (77).

2

(®)

FiGURre 20: Plots of lump-periodic (77).

es(t) = J 9 Bs¢3(£)(B105 — Bs5,) dt, (1) The solutions are given as follows:
’ 0,05 6
6155 2 ,
:0,0(1=063=064=065=¢1(t)=0)[;1= d5 > u1=12% In (F),F, = (61§5y+612+81(t))
5
2 + (“zx + ﬁz)/ + 622 + Sz(t))z + eﬁ553y/55+53z+e3(t) (80)
ﬁ_’, = ﬁ§63 5 ﬁ4 = ﬁ(5364 5 ¢4(t) = — % . (79) + eﬁ554}’/55+642+€4(t) + eﬁs}”rBSZ*ss(t) . 86(t).
5 5 5
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(a)

(b)

FiGURrk 21: Plots of lump-periodic (77).

¢, (t) + ﬁ42¢3(t) + 642¢4(t) d

gt)=| - t,
J Oy (81)
a;0

1i=1,2,3,5,

Oy

Type 11
g(t)=| - (@ +a?) (@, (1) + ﬁ42¢30£tl-+2542¢4(t)) + (dldte,(t))ay0,” i
&st)=| - % (0642¢2(t) + ﬁi‘fs(t) + 642¢4(t)) dt,
i) = | - SLELBO OO ) 4 g o 5 5B
g(t)=| -2 a, ((X42¢2(f) + ﬁ42¢3(t) + 542¢4(t)) (0‘182(2 ;062281(1‘)) + (dldte, (1)) a2 (a8, (1) — aye (1)) N

The solutions are given as follows:

aZ
352 In (E,),F, = (oclx+
2
+ <a2x+ 2[34)’ %042 +82(t))
Oy Oy

+ etx3x+tx3ﬁ4y/tx4+¢x384z/¢x4+£3(t) + etx4x+ﬁ4y+54z+£4(t)

1/34)’

Xy Oy

0,2
U, =12— 4 1747

+ ea5x+tx5ﬁ4y/tx4+¢x584z/¢x4+£5(t) + 86(t).

Type 111

& (1)

J 3 ¢,(1) (0‘12 +“22) di— & (1),
o
|

+el(t)>2

»&5(1)

— ayy (1) dt, (1) = j —ayd, (1)dt

&s(t) = J — a5, (1)dt, &(t)
_ J > (01&,(8) — a8, (1)) (29, (£) + dldlte, (1)) dt

%

>

ﬁ aZﬁl ﬁ?, ﬁl 3 6 81 (S ﬁ;gl 8
o ew @
=¥,¢1<t>=0,¢4<t>=— T
1 1
(82)
The solutions are given as follows:
2
Uy =12— 92 In(B), By = (ayx+ By +0,z+ 51(t))2
Py | %0,z ?
+ <a2x+ o + “u + sz(t)) (84)

+ ea3x+ﬁ163y/81+83z+s3(t) + ea4x+ﬁ4y+ﬁ4612/ﬁ1+54(t)

+ e"‘sx+ﬁ5}’+51ﬁ5Z/ﬁ1+55(t) + 86(1_»)_
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FIGURE 22: Plots of lump-three kink solutions (84).

From above, we can discover that g is positive if &
(t) >0, then in all space directions u will be localized.
Therefore, if 77 + 75 + exp (1) + exp (7,) + exp (75) + &(t)
— 00, the lump-three kink solutions

2
1205, a3>a,>as,
0, 0y >0 >
4~ Q3 3>
u= (85)
0, o5 > 03 > oy,
0, oy > 05 > A,

at any f. By selecting the parameters a; =1, 0, =2, ;=
3,a, =405 =50, =1,6,=3,8;=4,0,=1,8;=1.5,9,(t)
=cos (t), & (t) =sin (2t), & (t) =cos (2t),x=1,y=1, then
plots of equation (84) are plotted in Figure 22. And
also, via selecting the parameters a; =1,a,=2,0;=3,0a,
—4,0,=5pB,=1,B,=3,Bs=408,=1,8,=15¢,(t) =1+
t+12,e(t) =121+ 1) &, (t) =1/3(1 + 1), x =1,y =1,
then plots of equation (84) are plotted in Figure 23.
Type IV

J *t+ay’) (“12842‘/’2(t) _ﬁ42812‘/’3(t)) dt — & (1), £y(t) = J ﬁ4 ‘/’3( )8 Pa 93\1)%1 4,
(X13642 0(1 > €y 4
J 2050, ‘/52( ) - ﬁ4251¢3(t>(2“183 _“361)dt es(t) = J _ 0‘12“564 ‘/’2( ) - ﬁ4 0,¢5(t)(2,95 0‘551>dt
“12642 e “12542 ’
J (a8, (F) — @ (¢ ))(‘/’2( Jay*a,8, ¢3(t)(x2/342812 + (d/dte,(t)) oy 542) dt, B, = (285 — a38,) P,
a,38,° 3 a0, ’
_ Ba(65 — a56)) _ 1,0, __.842¢3(t) _p _p _ _
Bs= a8, 0, = a (1) = T’“4—ﬁ1—ﬁz—¢1<t)—
(86)
The solutions are given as follows: By selecting the parameters o} =1, 0, =2, 03 =3, 45 = 5,

2

Uy = 12% In (E,), F, = (,x + 8,2+ (t))*

a,0,z
+ [+ 21
Lo

+ ePutdazte(t) o posx+Py(0y85-0as6y)yl0 0,485z es (1) | gﬁ(t).

2
+£2(t)) + ea3x+(a183—a351)ﬂ4y/54a1+83z+s3(t)

(87)

By=3,0,=1,8,=150,=2,85=3,0,(t) =t,¢;(t) = 1%, &,

(t) =t* x =1,y = 1, then plots of equation (87) are plotted in
Figure 24. And also, via selecting the parameters a; =1, a,
=20y =3,a5 =5,8,=3,8, =1,8, =1.5,8, =2,8, =3, ¢,

(t)=1,¢5(t) =2,&,(t) =3,x=1,y=1, then plots of equa-
tion (87) are plotted in Figure 25. Moreover, via selecting
the parameters &, =1, 0, =2, 03 =3, 05 =5, 3,=3,6, = 1,685
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FIGURE 26: Plots of lump-three kink solutions (87).

=1.58, =2,85 =3,¢,(t) =sin (3t), ,(t) = cos (3t), &,(t)
=sin (t) + cos (t),x=1,y=1, then plots of equation (87)
are plotted in Figure 26.

5. Conclusion

In this paper, under the multidimensional binary Bell poly-
nomials, we derive that the lump-soliton and its interaction
solutions of the (3 + 1)-dimensional variable-coefficient
nonlinear wave equation in liquid with gas bubbles has been
successfully obtained. And then, ten classes for interaction
between a lump-two kink solitons, three classes for interac-
tion between two lumps, two classes for interaction between
two lumps-soliton, seven classes for lump-periodic, and four
classes for lump-three kink solutions were successfully
constructed by employing the bilinear scheme. With the
combination of the binary Bell polynomials and Hirota’s
bilinear method, some concrete solutions are expressed in
terms of determined functions. We illustrate the regularity
of solutions with some parameter constrains on constant
and rational and periodic backgrounds. We also consider
the classical dynamical behaviors and the elasticity of the
collisions of soliton solutions and their interactions when
plotting them. Finally, we conclude two dynamical behaviors
of general lump-periodic and multikink soliton solutions.
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